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2 (a) 𝑥 = 𝑎𝑡2   , 𝑦 = 2𝑎𝑡      
𝑑𝑦

𝑑𝑡
= 2𝑎 , 

𝑑𝑥

𝑑𝑡
= 2𝑎𝑡 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡

𝑑𝑡

𝑑𝑥
       

𝑑𝑦

𝑑𝑥
= 2𝑎

1

2𝑎𝑡
=

1

𝑡
 

𝑑𝑦

𝑑𝑥
𝑚𝑁 = −1     

1

𝑡
𝑚𝑁 = −1   𝑚𝑁 = −𝑡 

The equation of the normal at (𝑎𝑡2 , 2𝑎𝑡) is  

𝑦 − 2𝑎𝑡 =  −𝑡(𝑥 − 𝑎𝑡2)  

𝑦 + 𝑡𝑥 =  2𝑎𝑡 + 𝑎𝑡3 

20  

If 𝑃(ℎ, 𝑘) lies any arbitrary normal then  

𝑘 + 𝑡ℎ =  2𝑎𝑡 + 𝑎𝑡3 

𝑎𝑡3 +  2𝑎 − ℎ 𝑡 + 𝑘 = 0 − − − − − [1] 

Since the above equation has three roots then generally there 

are three normal passing through the point 𝑃(ℎ, 𝑘) 

Suppose the roots of the cubic equation are 𝑡1 , 𝑡2 ,𝑡3  

 𝑡 − 𝑡1  𝑡 − 𝑡2  𝑡 − 𝑡3 = 0 

𝑡3 −  𝑡1+𝑡2 + 𝑡3 𝑡
2 +  𝑡1𝑡2 + 𝑡2𝑡3 + 𝑡3𝑡1 𝑡 − 𝑡1𝑡2𝑡3

= 0. . [2] 

Since the equations  [1] and [2] are the same the corresponding 

coefficients are equal  

 𝑡1+𝑡2 + 𝑡3 = 0 ,  𝑡1𝑡2 + 𝑡2𝑡3 + 𝑡3𝑡1 =
2𝑎−ℎ

𝑎
 , 𝑡1𝑡2𝑡3 =

𝑘

𝑎
 

The gradient of a normal is – 𝑡. Since two normal are 

perpendicular (−𝑡1)(−𝑡2) = −1    𝑡1𝑡2 = −1 

𝑡3 = −
𝑘

𝑎
𝑡3 satisfy the equation [1]  

𝑎  
−𝑘

𝑎
 

3

+  2𝑎 − ℎ  
−𝑘

𝑎
 − 𝑘 = 0 

 Since 𝑘 ≠ 0 𝑘2 + 𝑎 2𝑎 − ℎ + 𝑎2 = 0 

𝑘2 = 𝑎(ℎ − 3𝑎) 

Hence the point 𝑃(ℎ, 𝑘) lies on the curve  𝑦2 = 𝑎(𝑥 − 3𝑎) 
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2 (b) 
𝑥 + 1

2
=

y + 3

2
=

z − 4

−1
= k 

𝑥 = 2𝑘 − 1 , 𝑦 = 2𝑘 − 3 , 𝑧 = −𝑘 + 4  

Since this point lies on the plane 𝑥 + 2𝑦 − 2𝑧 − 9 = 0 

 2𝑘 − 1 + 2 2𝑘 − 3 − 2 4 − 𝑘 − 9 = 0 

𝑘 = 3 

The intersection point is (2.3 − 1 , 2.3 − 3 , 4 − 3) =

(5 , 3 , 1) 

30  

Suppose (𝑎, 𝑏 , 𝑐) be any point then the direction ratios of the 

line perpendicular to the plane 𝑥 + 2𝑦 − 2𝑧 − 9 = 0 are 

1 , 2 , −2  therefore the equation of the line passing through the 

point(𝑎, 𝑏 , 𝑐)  perpendicular to the above plane  

𝑥 − 𝑎

1
=

y − b

2
=

z − c

−2
 

Any point on the above line (𝑎 + 𝜇 , 𝑏 + 2𝜇 , 𝑐 − 2𝜇) 

Suppose this point lie on the plane 𝑥 + 2𝑦 − 2𝑧 − 9 = 0 

Then 𝑎 + 𝜇 + 2 𝑏 + 2𝜇 − 2 𝑐 − 2𝜇 − 9 = 0 

𝜇 =
−(𝑎+2𝑏−2𝑐−9)

9
  

Therefore the perpendicular distance from the point  (𝑎, 𝑏 , 𝑐) to the 

plane 𝑥 + 2𝑦 − 2𝑧 − 9 = 0 is  

=   𝑎 + 𝜇 − 𝑎 2 +  𝑏 + 2𝜇 − 𝑏 2 +  𝑐 − 2𝜇 − 𝑐 2 

=  𝜇2 + (2𝜇)2 +  −2𝜇 2 =  9𝜇2 = 3 𝜇  

= 3  
𝑎 + 2𝑏 − 2𝑐 − 9

9
 =

 𝑎 + 2𝑏 − 2𝑐 − 9 

3
 

  2𝑘 − 1 + 2 2𝑘 − 3 − 2 4 − 𝑘 − 9 

3
= 8 

 8𝑘 − 24 

3
= 8 

 𝑘 − 3 

3
= 1 

𝑘 = 6  or 𝑘 = 0 therefore the points are  

(2.6 − 1 , 2.6 − 3 , 4 − 6) = (11 , 9 , −2) and  (−1 , −3 , 4) 

80 The formula for the 

perpendicular 

distance to a plane 

from a point cannot 

be used since it is 

not in the course 

material. If it is 

used half of the 

marks will be 

deducted.  
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3 (a) 
ABCD is a tetrahedron, AB = BC = CD = DA = BD = AC 

Draw a line MS parallel BC BS = SD (construction) 

AM  =  3𝑎 [Where 2a = length of the side of the tetrahedron] 

MS  =  a [Construction mid points theorem] 

AS  =  3𝑎 

From the triangle AMS; 

AS
2 
 =  AM

2
 + SM

2
 – 2AM.MS cos ˆSMA  

  3𝑎 
2

=   3𝑎 
2

+ 𝑎2 − 2 3𝑎𝑎𝑐𝑜𝑠𝑆𝑀𝐴 

𝑐𝑜𝑠𝑆𝑀𝐴 =
𝑎2

2 3𝑎2
=

1

2 3
=
 3

6
 

𝑆𝑀𝐴 = 𝑐𝑜𝑠−1  3

6
 

Since BC // SM 

 The angle between AM and BC  is  𝑐𝑜𝑠−1  3

6
 

35  

(b) Let 𝒂 , 𝒃 two vectors  

Scalar product  

If 𝒂 ≠ 𝟎 and 𝒃 ≠ 𝟎 then  𝒂  𝒃 𝒄𝒐𝒔𝜃
 
is defined as the scalar product 

of 𝒂 and 𝒃, where 𝜃 is the angle between 𝒂 , 𝒃 . 

If 𝒂 = 𝟎 or 𝒃 = 𝟎 then 𝟎 is defined as the vector product of 𝒂 , 𝒃 

Vector product  

If 𝒂 ≠ 𝟎 and 𝒃 ≠ 𝟎 then  𝒂  𝒃 𝑠𝑖𝑛𝜃𝒏 is defined as the vector 

product of 𝒂 and 𝒃 ,where   is the angle between 𝒂 and 𝒃. The 

direction is that of the unit vector 𝒏 which is perpendicular to both 𝒂 

and 𝒃 such that 𝒂 , 𝒃 and 𝒏 form a right handed system. 

If 𝒂 = 𝟎 or 𝒃 = 𝟎 then 𝟎 is defined as the vector product of 𝒂 , 𝒃.
 

 

25 If the vector 

notations are not 

used half of the 

marks will be 

deducted. 
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 (A) 
 

𝒂 × 𝒃 = 3𝒂 × 𝒄       𝒂 × 𝒃 − 3𝒂 × 𝒄 = 𝟎 

𝒂 ×  𝒃 − 3𝒄 = 𝟎 

𝒂 = 𝟎 or 𝒃 = 3𝒄 or 𝒂 is parallel to 𝒃 − 3𝒄 

 

𝒂 = 𝟎 or 𝒃 = 3𝒄 or  𝒃 − 3𝒄 = 𝑘𝒂 where is a scalar  

𝒂 = 𝟎 or 𝒃 = 3𝒄 + 0𝒂 or  𝒃 = 3𝒄 + 𝑘𝒂  

𝒂 = 𝟎 or  𝒃 = 3𝒄 + 𝑘𝒂  

 𝒂 = 5 ,   𝒃 = 3 ,   𝒄 =  3  𝒃 ∙ 𝒄 = 0  and    𝒃 − 3𝒄 = 𝑘𝒂 

(𝒃 − 3𝒄) ∙ (𝒃 − 3𝒄) = 𝑘𝒂 ∙ 𝑘𝒂 

 𝒃 𝟐 − 6𝒄 ∙ 𝒃 + 9 𝒄 𝟐 = 𝑘2 𝒂 𝟐 

𝑘2 =
36

25
    𝑘 = ±

6

5
 

𝒃 − 3𝒄 = 𝑘𝒂 

𝒄 ∙ 𝒃 − 3𝒄 ∙ 𝒄 = 𝑘𝒂 ∙ 𝒄 

𝒄 ∙ 𝒃 − 3𝒄 ∙ 𝒄 = 𝑘 𝒂  𝒄 𝑐𝑜𝑠𝜃 Where 𝜃 is the angle between 𝒂 and 𝒄 . 

𝑐𝑜𝑠𝜃 =
−9

5𝑘 3
 

When 𝑘 =
6

5
    𝜃 =

5𝜋

6
  When  𝑘 = −

6

5
    𝜃 =

𝜋

6
 

𝒃 − 3𝒄 = 𝑘𝒂 

𝒃 ∙ 𝒃 − 3𝒄 ∙ 𝒃 = 𝑘𝒂 ∙ 𝒃 

𝒃 ∙ 𝒃 − 3𝒄 ∙ 𝒃 = 𝑘 𝒂  𝒃 𝑐𝑜𝑠𝛽 Where is the angle between 𝒂 and 𝒃 . 

𝑐𝑜𝑠𝛽 =
3

5𝑘
 

When 𝑘 =
6

5
    𝛽 =

𝜋

3
  When  𝑘 = −

6

5
    𝜃 =

2𝜋

3
 

90  

(B) 
 

𝑂𝐴      = 2𝜇𝐢 + 3𝐣 + 2𝐤  , 𝑂𝐵      = 𝜇𝐢 + (μ − 1)𝐣 + 𝐤   

𝑂𝐶      = 4𝐢 + 2𝐣 + 3𝐤   

𝑂𝐴      × 𝑂𝐵      =  
𝐢 𝐣 𝐤

2𝜇 3 2
𝜇 𝜇 − 1 1
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  =  3 − 2𝜇 + 2 𝐢 −  2μ− 2μ 𝐣 +  2μ2 − 2μ− 3μ 𝐤                                            

=  5 − 2𝜇 𝐢 +  2𝜇2 − 5𝜇 𝒌 

 𝑂𝐴      × 𝑂𝐵       ∙ 𝑂𝐶      =   5 − 2𝜇 𝐢 +  2𝜇2 − 5𝜇 𝒌 ∙ (4𝐢 + 2𝐣 + 3𝐤)   

= 20 − 8𝜇 + 6𝜇2 − 15𝜇 

= 6𝜇2 − 23𝜇 + 20 

=  2𝜇 − 5 (3𝜇 − 4) 

𝑂 , 𝐴, 𝐵 , 𝐶 are coplanar if and only if   𝑂𝐴      × 𝑂𝐵       ∙ 𝑂𝐶      = 0 

𝜇 =
5

2
 or 𝜇 =

4

3
 

  

 

QNo Answer Marks Comments
 

4 (a)  𝑥 − 𝑦 <  1 − 𝑥 𝑦  

  𝑥 − 𝑦 2 <  1 − 𝑥 𝑦 2 

  𝑥 − 𝑦 (𝑥 − 𝑦)          < (1 − 𝑥 𝑦) (1 − 𝑥 𝑦)            

  𝑥 − 𝑦 (𝑥 − 𝑦 ) < (1 − 𝑥 𝑦) (1 − 𝑥 𝑦    ) 

  𝑥 − 𝑦 (𝑥 − 𝑦 ) < (1 − 𝑥 𝑦) (1 − 𝑥 𝑦 ) 

  𝑥 − 𝑦 (𝑥 − 𝑦 ) < (1 − 𝑥 𝑦) (1 − 𝑥𝑦 ) 

  𝑥 2 −𝑥𝑦 − 𝑥 𝑦 +  𝑦 2 < 1 − 𝑥 𝑦 − 𝑥𝑦 +  𝑥 2 𝑦 2 

 0 < 1 −  𝑥 2 −  𝑦 2 +  𝑥 2 𝑦 2 

 0 < (1 −  𝑥 2) −  𝑦 2(1 −  𝑥 2) 

 0 <  1 −  𝑥 2 (1 −  𝑦 2) 

 {0 <  1 −  𝑥 2  and 0 < (1 −  𝑦 2)}  or  

                                     {0 >  1 −  𝑥 2  and 0 > (1 −  𝑦 2)}   

 {1 <  𝑥 2and 1 <  𝑦 2}  or  {1 >  𝑥 2and 1 >  𝑦 2}    

 {1 <  𝑥 and 1 <  𝑦 }  or {1 >  𝑥  and 1 >  𝑦 } 

75  
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QNo Answer Marks Comments
 

4 

 

(b)  De  Moivre’s theorem 

∀ 𝑛 ∈ 𝑄  (𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃)𝑛 = 𝑐𝑜𝑠𝑛𝜃 + 𝑖𝑠𝑖𝑛𝑛𝜃 

𝑧 = 𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃 

𝑧𝑛 = 𝑐𝑜𝑠𝑛𝜃 + 𝑖𝑠𝑖𝑛𝑛𝜃 

1

𝑧𝑛
=

1

𝑐𝑜𝑠𝑛𝜃 + 𝑖𝑠𝑖𝑛𝑛𝜃
= 𝑐𝑜𝑠𝑛𝜃 − 𝑖𝑠𝑖𝑛𝑛𝜃 

𝑧𝑛 +
1

𝑧𝑛
= 2𝑐𝑜𝑠𝑛𝜃      𝑧𝑛 −

1

𝑧𝑛
= 2𝑖𝑠𝑖𝑛𝜃 

40  

  (c ) When 𝑛 = 1  𝑧 +
1

𝑧
= 2𝑐𝑜𝑠𝜃      𝑧 −

1

𝑧
= 2𝑖𝑠𝑖𝑛𝜃 

24𝑐𝑜𝑠4𝜃 =  𝑧 +
1

𝑧
   

4

= 𝑧4 + 4𝑧3  
1

𝑧
+ 6𝑧2  

1

𝑧2
+ 4𝑧 

1

𝑧3
+

1

𝑧4
 

16𝑐𝑜𝑠4𝜃 = 𝑧4 +
1

𝑧4
+ 4 𝑧2 +

1

𝑧2
  + 6 

16𝑐𝑜𝑠4𝜃 = 2𝑐𝑜𝑠4𝜃 + 4.2𝑐𝑜𝑠2𝜃 + 6 

8𝑐𝑜𝑠4𝜃 = 𝑐𝑜𝑠4𝜃 + 4𝑐𝑜𝑠2𝜃 + 3 

24𝑖4𝑠𝑖𝑛4𝜃 =  𝑧 −
1

𝑧
   

4

= 𝑧4 + 4𝑧3  −
1

𝑧
 + 6𝑧2  − 

1

𝑧
 

2

+ 4𝑧  −
1

𝑧
 

3

+  −
1

𝑧
 

4

 

16𝑠𝑖𝑛4𝜃 = 𝑧4 +
1

𝑧4
− 4 𝑧2 +

1

𝑧2
  + 6 

16𝑠𝑖𝑛4𝜃 = 2𝑐𝑜𝑠4𝜃 − 4.2𝑐𝑜𝑠2𝜃 + 6 

8𝑐𝑜𝑠4𝜃 = 𝑐𝑜𝑠4𝜃 − 4𝑐𝑜𝑠2𝜃 + 3 

45  

(c) 𝑅𝑒 𝑧 + 𝑎 =  𝑧 − 𝑎  

Let 𝑧 = 𝑥 + 𝑖𝑦 where 𝑥 , 𝑦 ∈ 𝑅 

𝑅𝑒 𝑥 + 𝑖𝑦 + 𝑎 =  𝑥 + 𝑖𝑦 − 𝑎  

 𝑥 + 𝑎 =  (𝑥 − 𝑎)2 + 𝑦2  if   𝑥 + 𝑎 ≥ 0 

Taking the square of both sides 𝑦2 = 4𝑎𝑥 Then it is parabola 

40  
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Q No Answer Marks Comments
 

5 

 

 (a) 

yx

yx

dx

dy






3

3

 

Substitute vxy 
      dx

dv
xv

dx

dy


 

vxx

vxx

dx

dv
xv






3

3

   
v

v

v

dx

dv
x 






3

31

v

vvv

dx

dv
x






3

331 2

 

dx
x

dv
v

v 1

1

3
2





 

v

B

v

A

v

v











111

3
2

   )1()1(3 vBvAv   

Taking 1v  and 1v we get 2B  and  1A  respectively 

dx
x

dv
vv

1

1

2

1

1














 

cxvv lnln1ln21ln   where c is an arbitrary constant 

cx
v

v
ln

)1(

1
ln

2






     

cx
v

v





2)1(

1
 

cx
v

v





2)1(

1
 take c x

x

y

x

y















2

1

1

 

2)()( yxyx    

80  

(b) 0)23()32(2 22  yxy
dx

dy
yxx  

0)23()64( 322  yxy
dx

dy
xyx  

Take 
323),( yxyyxf  and   

22 64),( xyxyxg   

263 yx
y

f






  

268 yx
x

g






 x

g

y

f










 

The equation is not exact 

 

20  

 



11 
 

Q No Answer Marks Comments
 

  
Multiplying by 

kh yx
 

0)23()64( 311212   khkhkhkh yxyx
dx

dy
yxyx

 

Take 

212 64(),(   khkh yxyxyxQ
   

311 23),(   khkh yxyxyxP
 

21 )3(2)1(3  


 khkh yxkyxk
y

P

 

21 )1(6)2(4  


 khkh yxhyxh
x

Q

 

If the equation is exact then x

Q

y

P










 

Equating the coefficients of   

21  khkh yxandyx
 

8433  hk
     

6266  kh
 

31  kandh
 

3xy  is integrating factor

0)23()64( 6425233  xyyx
dx

dy
yxyx

 Is exact.  

If ),( yxU is a solution 

5233642 64,23 yxyx
y

U
xyyx

x

U










 

Consider  
642 23 xyyx

x

U





 

Integrating w.r.t. x )(),( 6243 yfyxyxyxU 
 

Where )(yf  is arbitrary function of y . 

dy

yfd
yxyx

y

U ))((
64 5233 




 

0
))((


dy

yfd
  then ctconsyf tan)(   

The fore the solution is  cyxyxyxU  6243),(  

100  
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Q No Answer Marks Comments
 

6 (a) Take 2)( 3  xxf  

1)1( f  , 6)2( f  and is continues in ]2,1[  there exists a root 

in the interval ]2,1[ . 

15  














 21

1

3

2

n

nn
x

xx  











2

1

3

2

x
xx

 
2

2
23

x
xx     

2

2

x
x     23 x   














 21

1

3

2

n

nn
x

xx  is a simple iteration formula to evaluate a 

numerical value for 3 2  

Consider 









2

1

3

2
)(

x
xxg  











3

2
1

3

2
)(

x
xg  

Since 21  x    81 3  x    
4

11
2

3


x 4

31
11

3


x
 

2

11
1

3

2

3

2
3











x
 

2

1
)(

3

2
 xf  

Clearly 1)(  xf
  nx  converges to 3 2  

40  














 21

1

3

2

n

nn
x

xx

 

3333331
3

4

1

1
1

3

21

3

2
22

1

12 




















x
xx  

263891
333331

1
333331

3

21

3

2
22

2

23 






















x
xx  

 

 

30  
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259931

263891

1
263891

3

21

3

2
22

3

34 

























x
xx  

259921
259931

1
259931

3

21

3

2
22

4

45 






















x
xx  

259921
259921

1
259921

3

21

3

2
22

5

56 

























x
xx

 

Therefore the  numerical to correct to two decimal places of  3 2  is 

261  

  

(b)  

10𝑥 + 𝑦 − 2𝑧 = 7
3𝑥 +  10𝑦 − 𝑧 = −8
2𝑥 − 3𝑦 + 10𝑧 = 15

 

𝑥 =
1

10
(7 − 𝑦 + 2𝑧)

𝑦 =
1

10
(−8 − 3𝑥 + 𝑧)

𝑧 =
1

10
(−2𝑥 + 3𝑦 + 15)

 

𝑥𝑛+1 =
1

10
(7 − 𝑦𝑛 + 2𝑧𝑛)

𝑦𝑛+1 =
1

10
(−8 − 3𝑥𝑛 + 𝑧𝑛)

𝑧𝑛+1 =
1

10
(15 − 2𝑥𝑛 + 3𝑦𝑛)

 

𝑥0 = 𝑦0 = 𝑧0 = 0 

𝑥1 = 0 ∙ 7 , 𝑦1 = −0 ∙ 8 , 𝑧1 = 1 ∙ 5 

    𝑥2 =
1

10
 7 + 0 ∙ 8 + 3 = 1 ∙ 08

𝑦2 =
1

10
 −8 − 2 ∙ 1 + 1 ∙ 5 = −0 ∙ 86

𝑧2 =
1

10
 15 − 1 ∙ 4 + 2 ∙ 4 = 1 ∙ 12

 

𝑥3 =
1

10
 7 + 0 ∙ 86 + 2 ∙ 24 = 1 ∙ 01

𝑦3 =
1

10
 −8 − 3 ∙ 24 + 1 ∙ 12 = −1 ∙ 012

𝑧3 =
1

10
 15 − 2 ∙ 16 − 2 ∙ 58 = 1 ∙ 026

 

 

115  
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𝑥4 =

1

10
 7 + 1 ∙ 012 + 2 ∙ 052 = 1 ∙ 0064

𝑦4 =
1

10
 −8 − 3 ∙ 03 + 1 ∙ 026 = −1 ∙ 0004

𝑧4 =
1

10
 15 − 2 ∙ 02 − 3 ∙ 036 = 0 ∙ 9944

 

𝑥5 =
1

10
 7 + 1 ∙ 0004 + 1 ∙ 9888 = 0 ∙ 99892

𝑦5 =
1

10
 −8 − 3 ∙ 0192 + 0 ∙ 9944 = −1 ∙ 0024

𝑧5 =
1

10
 15 − 2 ∙ 0128 − 3 ∙ 0012 = 0 ∙ 9986

8 

𝑥6 =
1

10
 7 + 1 ∙ 00248 + 1 ∙ 9972 = 0 ∙ 999968

𝑦5 =
1

10
 −8 − 2 ∙ 99676 + 0 ∙ 9986 = −0 ∙ 999816

𝑧5 =
1

10
 15 − 1 ∙ 99784 − 3 ∙ 00744 = 0 ∙ 999472

 

 

  

 

Q No Answer Marks Comments
 

    7  (a)                                Definition of mean and variance  

 𝑓 𝑥 𝑑𝑥

∝

−∝

= 1 

 𝜆𝑥 3 − 𝑥 (3 + 𝑥)𝑑𝑥

3

0

= 1 

𝜆 (9𝑥 − 𝑥3)𝑑𝑥

3

0

= 1 

𝜆  
9𝑥2

2
−
𝑥4

4
 

0

3

= 1 

𝜆  
81

2
−

81

4
 = 1 

𝜆 =
4

81
 

 

 

35  
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  Theory part   10  

𝐸 𝑋 =  𝑓(𝑥)𝑑𝑥

∝

−∝

 

=  𝑥
4

81
(9𝑥 − 𝑥3)𝑑𝑥

3

0

 

=
4

81
 
9𝑥3

3
−
𝑥5

5
 

0

3

 

=
4

81
 
243

3
−

243

5
  

=
8

5
= 1 ∙ 6 

𝐸 𝑥2 =  𝑥2𝑓(𝑥)𝑑𝑥

∝

−∝

 

  =  𝑥2
4

81
(9𝑥 − 𝑥3)𝑑𝑥

3

0

 

=
4

81
 
9𝑥4

4
−
𝑥6

6
 

0

3

=
4

81
 
9 ∙ 81

3
−

81 ∙ 9

5
 = 3 

𝑉 𝑋 = 𝐸 𝑋2 −  𝐸(𝑋) 2 

𝑉 𝑋 = 3 −  
8

5
 

2

= 0 ∙ 44 

 

45 

 

𝑓 𝑥 = 𝜆 9𝑥 − 𝑥3  

𝑓1 𝑥 = 𝜆 9 − 3𝑥2  

𝑓 ′1(𝑥) = −3𝜆 𝑥 −  3  𝑥 +  3  

Since 𝑥 ∈ [0,3]  𝑓 ′1(𝑥) = 0 ↔ 𝑥 =  3   𝑓2(𝑥) = −6𝜆𝑥 

𝑓2  3 = −6𝜆 3 < 0 

∴ At  𝑥 =  3     𝑓(𝑥) gets the maximum value   

∴ The mode is   3. 

 

30 First order 

derivative method 

can be used.  
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       Suppose the median is  𝑚 then 

 𝑓 𝑥 𝑑𝑥

𝑚

−∝

=
1

2
 

 
4

81
(9𝑥 − 𝑥3)𝑑𝑥

𝑚

0

=
1

2
 

4

81
 
9𝑥2

2
−
𝑥4

4
 

0

𝑚

=
1

2
 

4

81
 
9𝑚2

2
−
𝑚4

4
 =

1

2
 

𝑚4 − 36𝑚2 + 81 = 0 

𝑚2 =
−36 ±  362 − 4.2.81

2.2
 

= 9 ±
9 2

2
 

Since 0 ≤ 𝑚2 ≤ 9          𝑚2 = 9 −
9 2

2
    𝑚 = 1 ∙ 62 

45  

(b)                     To State the Bayes theorem.  15  

𝐴𝑟 = The event that randomly selected urn is 𝑈𝑟 .  

𝑃 𝐴𝑟 =
1

13
   𝑟 = 1 , 2 , 3, …… .13  

𝐴 = The event that randomly chosen ball is red.  

𝑃  𝐴 𝐴𝑟
  =

𝑟

13
 where  𝑟 = 1 , 2 , 3, …… .13  

From the Bay’s theorem  

𝑃  
𝐴9

𝐴  =
𝑃 𝐴9 𝑃  

𝐴
𝐴9
  

 𝑃 𝐴9 𝑃  
𝐴
𝐴𝑟
  13

𝑟=1

 

𝑃  
𝐴9

𝐴  =

1
13 .

9
13

 
1

13 .
𝑟

13
13
𝑟=1

=
9

 𝑟13
𝑟=1

=
9

13(13 + 1)
2

=
9

91

= 0 ∙ 0989 

 

 

30  
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 8  (a)                                   
𝑦 =

𝑥2 + 𝑥 + 2

𝑥 − 1
 

Clearly 𝑥 = 1 is a vertical asymptote. 

When 𝑥 ≠ 0 

𝑚 =
𝑦

𝑥
=

𝑥+1+
2

𝑥

𝑥−1
=

1+
1

𝑥
+

2

𝑥2

1−
1

𝑥

     𝑚 = lim𝑥→±∝  
𝑦

𝑥
 = 1 

 
  ∴ 𝑚 = 1 

  lim𝑥→±∝ 𝑦 − 𝑚𝑥 = lim𝑥→±∝  
𝑥2+𝑥+2

𝑥−1
− 𝑥   

= lim
𝑥→±∝

 
2𝑥 + 2

𝑥 − 1
 = lim

𝑥→±∝
 

2 +
2
𝑥

1 −
1
𝑥

 = 2 

lim𝑥→∞(𝑦 − 𝑚𝑥) = 2 ∴ 𝑐 = 2  ∴ 𝑦 = 𝑥 + 2 is an asymptote. 

𝑑𝑦

𝑑𝑥
=
 𝑥 − 1  2𝑥 − 1 − (𝑥2 + 𝑥 + 2)

(𝑥 − 1)2
 

𝑑𝑦

𝑑𝑥
=

2𝑥2 − 𝑥 − 1 − 𝑥2 − 𝑥 − 2

(𝑥 − 1)2
=
𝑥2 − 2𝑥 − 3

(𝑥 − 1)2
 

𝑑𝑦

𝑑𝑥
=
 𝑥 − 3 (𝑥 + 1)

(𝑥 − 1)2

 

𝑑𝑦

𝑑𝑥
= 0 ⟺ 𝑥 = −1 𝑜𝑟 𝑥 = 3 

The sign of 
𝑑𝑦

𝑑𝑥
 

 

 

 

 

 

90  

Second order 

derivative method 

can be used to find 

maxima and 

minima. 

 

 

 

 

 

−1 3 𝑥 

 − (−) > 0  −  + < 0  + (+) > 0 
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  When x = -1,  y = -1  when y = 3,  y = 7 

             (-1,-1)                         (3, 7) 

The sign of 
dy

dx
 

When x = 0    y = -2     (0, -2)  

When 𝑥 ≠ 0  𝑦 =
𝑥 1+

1

𝑥
+

1

𝑥2 

 1−
1

𝑥
 

 

∴  lim
𝑥→∞

𝑦 = ∞  𝑎𝑛𝑑 lim
𝑥→−∞

𝑦 = −∞ 

     𝑦 =
 𝑥+

1

2
 

2
+

7

4

(𝑥−1)
 ∴   𝑦 ≠ 0 

    

 

  

 

y = x + 2 

X 

Y 

y = 7 

x = 3 

x = 1 
x = -1 

Y = -1 
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 (b) (i) 𝑧 = 𝑙𝑛 𝑥2 + 𝑦2   

 
𝜕𝑧

𝜕𝑥
=

1

𝑥2 + 𝑦2
2𝑥 

𝜕2𝑧

𝜕𝑥2
= 2

 𝑥2 + 𝑦2 . 1 − 𝑥(2𝑥)

𝑥2 + 𝑦2
 

𝜕2𝑧

𝜕𝑥 2 = 2
 𝑦2−𝑥2 

(𝑥2+𝑦2)2  …………..[1] 

𝑧 = 𝑙𝑛(𝑥2 + 𝑦2) 

𝜕𝑧

𝜕𝑦
=

1

𝑥2 + 𝑦2
2𝑦 

𝜕2𝑧

𝜕𝑦2
= 2

 𝑥2 + 𝑦2 . 1 − 𝑦(2𝑦)

 𝑥2 + 𝑦2 2
 

𝜕2𝑧

𝜕𝑦 2 = 2
 𝑥2−𝑦2 

(𝑥2+𝑦2)2  …………..[2] 

Clearly 
𝜕2𝑧

𝜕𝑥 2 +
𝜕2𝑦

𝜕𝑥 2 = 0 
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(ii) 𝑢 = 𝑙𝑛(𝑥2 + 𝑥𝑦 + 𝑦2)   𝑦 = 𝑒𝑥    
𝑑𝑦

𝑑𝑥
= 𝑒𝑥  

    Since 𝑢 is a function of 𝑥 and 𝑦    𝑑𝑢 =
𝜕𝑢

𝜕𝑥
𝑑𝑥 +

𝜕𝑢

𝜕𝑦
𝑑𝑦 

𝑑𝑢

𝑑𝑥
=
𝜕𝑢

𝜕𝑥
+
𝜕𝑢

𝜕𝑦

𝑑𝑦

𝑑𝑥
 

𝜕𝑢

𝜕𝑥
=

1

𝑥2 + 𝑥𝑦 + 𝑦2
(2𝑥 + 𝑦) 

𝜕𝑢

𝜕𝑥
=

2𝑥 + 𝑦

𝑥2 + 𝑥𝑦 + 𝑦2
 

𝜕𝑢

𝜕𝑦
=

1

𝑥2 + 𝑥𝑦 + 𝑦2
(2𝑦 + 𝑥) 

𝜕𝑢

𝜕𝑦
=

2𝑦 + 𝑥

𝑥2 + 𝑥𝑦 + 𝑦2
 

𝑑𝑢

𝑑𝑥
=

2𝑥 + 𝑦

𝑥2 + 𝑥𝑦 + 𝑦2
+

2𝑦 + 𝑥

𝑥2 + 𝑥𝑦 + 𝑦2
𝑒𝑥  

𝑑𝑢

𝑑𝑥
=
 2𝑥 + 𝑦 + (2𝑦 + 𝑥)𝑒𝑥

𝑥2 + 𝑥𝑦 + 𝑦2
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